We calculate the k ---+ k' scattering of excitons by phonons when impurities playa role. This is important for very narrow one-dimensional exciton bands as in tetrachlorobenzene. Three mechanisms are discussed and the dependence on impurity concentration and jump size are considered for all three.
I. INTRODUCTION
In a recent set of experiments, Schmidt and co-workers! have carefully studied the scattering of triplet excitations in tetrachlorobenzene (TCB) crystals at low temperature using electron spin echo experiments. These excitations are one-dimensional exciton states due to the large anisotropy in the excitation transfer ma~ trix elements. Other workers, notably Fayer and coworkers 2 and Breiland and Saylor 3 have also studied this system using ODMR measurements. Another quasione -dimensional system, dibromonaphthalene (DBN), has been studied by optical spectroscopy by ZewaU 4 and others. 5 Both systems have been studied by spin resonance by Wolf and co-workers. 6 All these systems are characterized by rather narrow exciton bands (-1. 36 cm-1 in TCB, -20 cm-1 in DBN), much narrower than the acoustic phonon bands. This means that one phonon scattering processes are excluded in the limit of infinitely long, pure exciton systerns where k conservation must hold. However, these one phonon processes can occur if there are impurities or structural dislocations in the crystal. For example, if there are a finite number (N) of TCB molecules in a one -dimensional array (due to impurities or structural dislocations at each end of the array), then k (quasimomentum) conservation is not necessary, at least to order 11 N. In addition, if an impurity is present on an adjoining chain, it may induce one phonon scattering by breaking the translational invariance [e. g., by changing the site diagonal exciton-phonon coupling of one (or a few) molecules on the chain]. Finally, if an impurity is in the chain, it changes all the electronic states (and may lead to trapping states), which also leads to the breakdown of the k selection rules. This also makes one phonon processes allowed. These three mechanisms are the subject of this paper. In Sec. II, we state the general formulation of the problem. In Sec. III, we compute the microscopic exciton scattering rates.
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II. BASIC EQUATIONS OF THE GENERAL PROBLEM A. The Hamiltonian
The electronic Hamiltonian of an arbitrary linear aggregate of Nox molecules (in particular a linear chain) can be written (2.1) The operators a~ and an create and destroy a localized electronic excitation of energy En at the molecular site n. J nm is the energy exchange matrix element between molecules nand m. Nex is assumed to be the total number of electronically excitable molecules, say linearly arranged in the z direction, whereas the whole threedimensional molecular crystal under consideration (in which the linear chain is embedded) consists of N= ' N, ='N,fi.Ji 
The coupling constants Xn(q) and Fnm(q) determine the strength of the local and nonlocal exciton-phonon coupling coming from the modulation of the molecular energies En and the energy exchange integrals J nm due to the intermolecular vibrations. 7
For our problem of exciton-phonon scattering the electronic Hamiltonian in the local representation [Eq. (2.1)] is not convenient. Therefore we first diagonalize it in the so-called de localized p representation. By means of the unitary transformation
we deduce from the Eqs. (2.1), (2.2), and (2.4) the corresponding crystal Hamiltonian:
The new operators a:(a p) create (destroy) an electronic crystal excitation in the exact energy eigenvalues E(P) of the arbitrarily composed molecular aggregate (or linear chain of molecules) wbich can be electronically excited.
The last term in Eq. (2.6) describes the exciton-phonon coupling in the p representation and induces inelastic scattering (I p') -I p») of the excitons by phonons (both pure scattering and trapping are possible as we will see below). The scattering parameter in Eq. (2.6) is
The important transformation coefficients c~P) in the above equation correspond physically to the probability amplitudes of the exact wave functions II/J( P» with energy eigenvalues E(P) at molecular sites n of the crystal, i. e. ,
where I n) describe the local molecular wave functions with molecule n excited.
In the case of arbitrarily doped molecular crystals or aggregates the p space is divided into a <p space which consists of perturbed de localized excitons E(I/J) and an x space which consists of impurities induced quasilocalized exciton states E h ), called trap states, outside the exciton band. The transformation coefficients c~p) [Eq. (2.5)] can be calculated by means of a Green's function formalism as was shown by one of the authors. 8 Only in the limiting case of an unperturbed, infinite (this means translational invariant) molecular crystal does the p space reduce into the usual k space (Bloch space)
Here k is an accurately defined quantum number equal to the quasimomentum of the pure delocalized excitons with the energies E(k),
(2.9) n,m B. Dynamics of the system-derivation of an effective density matrix equation which describes the dynamics of the excitonic subsystem. tr ph means the trace over the phonon (lattice) states.
Since the derivation of the equation of motion of the reduced density matrix 0-has been described by others,9
the procedure [an approximation equivalent to second order time dependent perturbation theory in the excitonphonon coupling Gpp.(q)] is not outlined explicitly here.
One finds that the diagonal elements of the density operator upp=(plo-Ip) obey the following equation of motion:
(2.12) u pp(t) describes the probability to find an exciton in the state I p) with energy E P ) at time t. At this pOint we want to emphasize that the diagonal elements of the density operator upp(t) decouple from their nondiagonal elements uPP' only in this p-energy eigenrepresentation (in contras t to the alternative local In) representation). Therefore, this p representation is the most convenient representation for our system under investigation and leads to a closed equation of motion [Eq. (2.12)] for the occupation probabilities u pp of the exact exciton energy eigenstates E(P). Equation (2. 12) is therefore a Pauli master equation.
The phonon-induced transition rates App. between two different states I p) and I p') can be written
&pb means the equilibrium distribution of the phonons at a fixed temperature T,
where kB is the Boltzmann's constant. Taking into account Eqs. (2.7) and (2.14) we evaluate the integral equation (2. 13) to give the following microscopic transition rates in the p space:
is the average number of phonons in the thermal equilibrium. which means that at equilibrium there is a Boltzmann distribution in the p states.
In the following we have to evaluate the microscopic transition rates App. [Eq. (2. 16)] exactly. In this paper we limit ourselves to the case of the interaction of onedimensional excitons with three-dimensional phonons. In addition, we distinguish two types of exciton phonon interactions. For pure exciton-phonon interaction if we look at pure unperturbed excitons (k) and phonon~ (q) in an infinite molecular crystal, the Hamiltonians Hox(En = E, J nm = I n -m ), Hph and Hex-ph 
As we will show below in the cases of one-dimensional triplet exciton systems, with bandwidths much smaller than the Debye frequency, the corresponding scattering rates App. due to this pure exciton-phonon coupling mechanism are identically zero (2. 20) An experimentally detected finite nonzero scattering rate in these cases (for example TCB1(a») must therefore come from other scattering mechanisms which we will discuss now. These form a second class which will be called the impure exciton-phonon interaction. In this case we define (a) two impurity assisted exciton scattering mechanisms and (b) one impurity induced exciton scattering mechanism (where the impurities are directly involved).
In the two impurity-assisted mechanisms, the impurities do not create perturbed exciton states (¢) or trap states (x) . In the first mechanism, the exciton states are defined only over a finite number of sites, N. x , because there are disruptive impurities preventing the excitation from getting past. Tha t is, there are impurites at each of the stack of Nox molecules. We can write
where Nd\ is the number of disruptive impurities and as before N. is the number of molecules in the z direction in the crystal. This gives for the average concentration of disruptive impurities, C dh (2. 21b)
In the second mechanism, we allow Nox to go to infinity, but allow an impurity on a neighboring stack to interact with a few (perhaps one) molecule on the stack under consideration. This breaks the translational invariance of the exciton-phonon interaction and allows one phonon processes to occur. We call this the interstitial mechanism. Let us suppose that the molecule at site no is affected by the interstitial impurity; this gives rise to an exciton-phonon Hamiltonian [see Eq. (2.4)]
In this case the proportionality parameter turns out to be the concentration of the interstitial impurities C II with (2.23) In contrast to the above mechanisms, in the impurity induced exciton scattering mechanism the impurities are substitutional impurities in the molecular chain and are directly involved in the exciton states. The impurity molecules generate perturbed exciton waves (¢ *k) as well as quasilocalized exciton-trap states (x) resulting in nonzero exciton scattering rates App. =Au' as well as exciton trapping rates App.=A",:r. In this case the important proportionality parameter turns out to be the concentration of the trapping impurities C u , (2.24)
In the following section we calculate all nonzero microscopic scattering rates App. and their dependence on the concentration of disruptive, interstitial, and trapping impurities Cd!> C II , and Ct!. Special importance is drawn to the microscopic p selectivity of the scattering rates leading to the prediction of whether the excitons undergo nearby jumps (I),.P-0) or long jumps in the p space of the corresponding band.
III. MICROSCOPIC EXCITON-SCATTERING RATES A. Pure exciton-phonon interaction
In this case the exciton wave functions [Eq. (2.8)] represent unperturbed Bloch waves. Therefore,
It is important to notice that only for the infinite unperturbed crystal (N.x=N.=N) do we have well defined exciton and phonon quasimomenta with the following values: The general scattering parameter Gpp,(q) 
Evaluating the integral (3.7) we end up with the exact resuit
where
Due to this (cos k -cos k')2 dependence of the scattering rate the excitons prefer long range jumps (when "temperature allowed") rather than nearby jumps (k zk') within the exciton band because the latter are of the order }{"4 weaker. This statement is only of relevance in case where we deal with exciton bands Itk) which are larger than the corresponding phonon bandwidths w(q). This is normally the case of singlet(S) excitons (Fig. 1) . For the opposite case in which the phonon dispersion exceeds the exciton dispersion (and in which we are particularly interested in this paper) the last factor in Eq. cannot be obtained with the usual pure exciton-phonon interaction. However, the impure exciton-phonon mechanisms do give rise to nonzero scattering rates.
B. Impure exciton-phonon mechanisms
The first impurity assisted exciton scattering mechanism we discuss can be thought of as due to the finite size of our exciton system (N u ) in comparison with the phonon system (N~» N .. ). Given a finite chain of N •• molecules the corresponding exciton probability amplitudes are given by v=1,2,3, ... ,N .. (3.9b) Now the scattering parameter [Eq. (2.7)] becomes [Eq. (3. 2b )] vectors we can sum up the geometric series and find for the scattering rate (2.16) (after an integration similar to that in the pure exciton-phonon interaction case) the exact result
11) where C dl is the average concentration of disruptive impurities which lim it our molecular chains in exciton space. First of all we see that the absolute values of the scattering rates due to the different mechanisms (pure-impure) are very different from one another by the amount A~~(T)jA:~~·(S) -C~I (~Ty (~~;Y« 1 .
(3.12)
To have a concrete idea in the case of TCB for example we have (2J T/ C U )3 -10-3 and assuming C dl -10-2 1( b) then we have (3. 12a) Therefore, exciton-phonon scattering in the triplet system should be usually much slower than a similar singlet system. This conclusion is compatible with the experimental observances. The selectivity of the scattering rate [Eq. (3.11)] is strong. Since the usual experiment Ha ) has an overpopulation of the k '" 0 exciton level at t=O due to a laser flash, we compute from Eq. (3.11) the values of the corresponding scattering rates Au' out of the k '" 0 level, and show these in Fig. 2 . In this scattering path diagram, as in the others to follow, only the dominant path, i. e., that which maximizes individual jumps, is shown. From this we see that the k = 0 excitons will be scattered first with high probability to the k = O. 6061T level carrying out a long jump process (-C~d dominating the slower nearby-jump processes (-C~I) and then the excitons undergo successively smaller jumps with decreasing scattering rates A kk • toward the final k = 1T level. Hence, the detected k = 1T exciton have usually arrived there by a multistep process. Summarizing we see that during the whole impurity assisted scattering process both long and small jumps occur. 
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FIG. 2. Scattering path diagram for the disruptive mechanism.
The scattering rates for the jumps with the largest rates are given. The dashed lines become important for concentrations C == cdl > O. 2, leading to the long jumps being preferred, in contrast to the low concentration path. Now let us consider the second impurity assisted exciton -phonon mechanism due to a nontranslational excitonphonon Hamiltonian as described in Eq. (2.22) . In this case we assume the excitons are an infinite system like the phonons (N.) corresponding to the case of the pure exciton -phonon interaction (N. = N ex)' Taking into account the exciton-phonon Hamiltonian in Eq. (2.22), the scattering parameter can be written Comparing this expression with the corresponding expression A~'" (3. 11) based on the finiteness of the exciton system then we have (3. 15) which means that the exciton-phonon scattering mechanism due to this nontranslational coupling is more effective than the finite size mechanism considered before. How long is the range of the exciton jumps in this case?
2J
As before we start with an exciton at k = 0 and follow its evolution by calculating the different competitive scattering rates Au. (3. 14) now in orders of CII' We end up with the scattering path shown in Fig. 3 . This scattering path diagram shows clearly, that the exciton now carries out as a one or two step process. In addition to a tions into the lower half of the band with a slower transition to the final k = 1T level to follow. Finally, we want to point out that the overall scattering rate out of k = 0 is further enhanced [compare Eq. (3.15)] by noting that for the finite size chain sin 2 k -C~I near k = 0; thus
We now turn to the last mechanism: impurity induced exciton-phonon scattering. In this case we no longer deal with unperturbed exciton states as before but instead, use perturbed band excitons (cp) and quasilocalized trap states (x) . We take the following model for dilute impurities: a linear chain of 2N molecules with a substitutional impurity at one site, say n = O. The site energy of the guest differs from that of the host molecules by the amount Il.U o and the nearest neighbor interaction between guest and host is J' rather than J, the host-host interaction. Within a Green's function formalism' it has been shown that the exact eigenfunctions of such a system have coefficients 8la )
(3. 17c) representing the secular equation of the system; from normalization, it is found that
The antisymmetric mode is not influenced, therefore Inserting these into Eq. (2.16), we find the scattering rate Au' due to a single impurity molecule within our chain:
X 20 c;;-a0!/>' + b 00'· cos cp -cos CP) + 3" c;;-
19) It is sufficient to discuss only two limiting cases: (a) purely diagonal disorder of the guest with 1 (31 »1, I' = 1, and the exciton-phonon coupling ratio X/2Ft» 1; and (b) purely Off-diagonal disorder with 1'*1, (3=0, and the same exciton-phonon coupling ratio X/2Ft» 1. In case (a), the general formula, Eq. (3. 19) reduces to -- ~I--'-------------------------- 
(3.20) Comparing this in turn to the rate due to the other mechanisms we have considered (the disruptive impurity or finite chain and the interstitial impurity or nontranslational exciton phonon coupling), we find A~a~.
where the inequalities are for narrow triplet exciton band. We see that the scattering rates are smaller than those for the other mechanisms. In Fig. 4 , we show the scattering path diagram for cp = 0 excitons at very low temperature. We see that the cp = 0 exciton first undergoes a long jump to the middle of the band (cp :::: O. 557T) followed by a faster jump to cp:::: O. 827T. There then follow a succession of smaller jumps with smaller rates towards cp = 11. Note that the exciton tends to avoid cp = 11. Note that direct transfer (long jumps) gets more probable as the impurity concentration increases. Finally, this mechanism is fourth order in impurity concentration (see Fig. 4 ) as is the disruptive or finiteness mechanism; both of which are slower than the interstitial or nontranslational mechanism which is second order in impurity concentration.
Turning now to case (b) , off-diagonal disorder, the scattering rate reduces to
In contrast to A~a~., this has a minimum at cpt =11/2, which is reflected in the corresponding scattering path J. Chern. Phys., Vol. 79, No.7, 1 October 1983 Thus far, we have only discussed scattering between the perturbed states (cp -cp '), but there are an equal number of unperturbed states (k) with C~kl given by Eq. (3. 17e).
The scattering rate A kk , between such unperturbed levels will be zero as in the pure scattering, while the scattering parameter Gk~.(q) between an unperturbed k state and a perturbed state labeled by cp' is given as Gk~ ,(q) = c~~'ly1/2(2Nphr1l2,N"1I2 sink {2a (~'l sin cp' sin q x (cos k -cos cp 'r2(X + 2F1 cos cp ') + 2 cos qF 1 (;,-1/2 -1)} (3.23 ) and the scattering rate Ak~' is found to be (X/2F» 1) we find exactly the same k, cp' dependence as in the case of the disruptive or finiteness mechanism [Eq. (3. 11 )); therefore, the scattering path diagram for this case is the same as for the finite exciton system (see Fig. 2 ).
C. Trapping
As we have already mentioned, the impurity not only creates perturbed exciton states but also localized trap states (labeled cp(:rl) (Fig. 6 ) which predicts a trapping rate which is maximized from the middle of the band, and not out of cp = 0 as predicted by Kenkre. 11 D. Exciton density of states Thus far we have not taken into account the known unusual density of states for one dimensional systems, which shows maxima at the band edges and a minimum at the band center. Our discussions have only concerned maximizing the microscopic transition rates. However, these rates should be multiplied by a final density of states. Will this change the picture deduced from the scattering path diagrams? To answer this, we write the cumulative scattering rate out of the k = 0 level ro(.~E) as an integral over the band.
where ptE) is the density of exciton states. For the disruptive mechanism, we find
and for the interstitial mechanism
The formula for the impurity induced mechanism reduces to an expression similar to Eq. (3. 31a). Note that the singularity in the density of states is removed in all but one mechanism, that of the interstitial impurity. In Fig. 7 we plot the ro(~E) of Eqs. (3. 31a) and (3. 32a). The figure shows that the scattering from k = 0 occurs to levels in the lower half of the band (in the disruptive case) and to states close to the lower edge (interstitial case) leading to the same results or even sharpening the conclusions found from the scattering path diagrams in Figs. 2 and 3 . Hence, the effects of the density of states do not contradict the scattering path diagrams.
IV. CONCLUSIONS
In this paper, we have considered three impurity mechanisms of scattering of excitons by phonons. In particular, we have been concerned with the scattering in quasi-one-dimensional exciton states, as exemplified by tetrachlorobenzene (TeB). In this system, the triplet exciton band is too narrow for one phonon processes to occur with k conservation; therefore, impurity effects must be invoked. The three mechanisms we have investigated are (1) "disruptive" impurities, where the impurities cage the exciton in a linear chain of N •• molecules, thus breaking the translation symmetry of the lattice, (2) "interstitial" impurities, where an impurity on one chain interacts with the exciton states on a neighboring chain, (3) "impurity induced" scattering where the impurities in a chain perturb the excitation states of the chain, and creating new states including trap states. We have presented in Figs. 2-5, the scattering paths for excitons initially at the top of the band for these three mechanisms.
We find that, at low impurity concentrations, the interstitial mechanism gives the largest scattering rates of all mechanisms considered. This is the mechanism considered by van Strien et al. 1(a) in their fit of their experimental data on the temperature dependence of exciton scattering rates in TeB. This mechanism is largest with respect to impurity concentration (-C 2 ) and with respect to the ratio of exciton bandWidth to phonon bandwidths (-J/C II andJ/CJ.)' It also favors long jumps, in contrast to the other mechanisms which are more democratic in this regard. Although this mechanism gives the largest rates, the other mechanisms will all contribute to the experimental rates. In their study, Breiland and Saylor 3 fit their data with a short jump only mechanism. None of the mechanisms considered here will prefer short jumps if the exciton starts at k = O.
However, if the exciton is initially in the center of the band, short jumps may be as probable as long jumps. This indicates the sensitivity to the initial conditions and may explain the contradictory conclusions on this point of Breiland and Saylor 3 and those of van Strien et al. 1 (a) who start in k = O. At higher temperatures, two phonon processes become important, 10 and even in TeB, impurities need not be invoked in order to get substantial exciton scattering. At high concentrations of impurities, we expect long jumps (k = 0 -k = 7T) to be dominant, as is evidenced in Figs. 2-5.
In other quasi-one-dimensional systems, like dibromonaphthalene (DBN), the triplet exciton band is wider than in TeB and so (2J/C II ) and (2J/C.L) will be closer to unity; therefore the scattering rates produced by the three mechanisms in DBN will be more similar to each other. This will complicate the interpretation of the experimental data.
